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I. INTRODUCTION AND STATEMENT OF RESULTS

In this paper we introduce a new concept of integral on (0, 1] (the
“dominated integral”) intimately connected with the problem of numerical
integration of unbounded functions. The existence of the dominated integral /
of a function f implies the convergence of the improper Riemann integral
f o4 f (%) dx, and its equality to 7, butj"0 + f(x)dx may converge without ex1stence
of I. An important difference between the two concepts is that while fo_ Jx)dx
is defined as an iterated limit (i.e., the limit of a proper Riemann integral,
itself a limit), the dominated integral is defined as a single limit.

Recently, a concept similar to that of the dominated integral was intro-
duced, concerning integration over [0, co) (the “simple integral,” see [1, 2}).
However, the dominated integral and the simple integral appear to be of
somewhat different nature: The first is an absolute integral, the second is not.
1n fact, one can readily see that if one tries to imitate the definition of simple
integrability by replacing [0, c0) with (0, 1], and co by 0, one obtains essen-
tially the concept of (proper) Riemann integrability on [0, 1].

The theory of the dominated integral is strongly related to the problem:
Under what conditions can quadrature formulas effective for Riemann
integrable functions on [0, 1] be used for the numerical evaluation of
improper Riemann integrals ﬁT J(x) dx? The theoretical study of this type
of question was initiated by Davis and Rabinowitz [3], and was followed by
further work [4-7]. As the practical use of quadrature formulas to compute
improper Riemann integrals without a theoretical justification has become
quite common, the need for such a theoretical study is unquestionable.

It turns out that, for a function f on (0, 1], the existence of its dominated
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integral is a necessary and sufficient condition for f'to be improperly Riemann
integrable there, and to satisfy lim,.. @,*(f) = _[3 L f{x)dx for every
sequence (D, *)7_, of quadrature formulas of a very general type. This is
shown in a subsequent article [8]. Here we only mention two applications
from [8]:

L. Suppose (R /) is a sequence of compound rules on {0, 1] not
involving f(0), and integrating 1 exactly, namely,

Ry = Z Z wa Y (k—1+x)r b, n=172..,
k=1 r=1
where wy,..,w, are given complex constants with }:ﬁl w; = 1, and
0<x < <x, <1l Then lim,.,RLf) = fﬂ f(xydx for every f
whose dominated integral exists.

IT. One can define the dominated integral on any interval (g, 5],
—w<a<b<ow Let—I<a<y LB <L and, forn=1,2,.,
fet

0.(F) = z Wk FCon 1)

be the n-point Gauss-Jacobi quadrature formula corresponding to the weight
function w(x) = (1 — x)*(1 + x)°. If the dommated integral of & function
on (—1, 1] exists, then lim,_,, Q. (f/w) = f 11 f(x) dx.

We now define the dominated integral, state its fundamental properties
and relate it to the “simple integral” of [1, 2].

Dermirion 1. Let fbe a complex function on (0, 1]. A dominated integral
of fis a number /(f) having the property: For each e > 0 there exist 5 and y,
0 <6 < 1,0 <y <1, such that

D)~ 3 — )] <« ©

whenever 0 < f, <t; < <t, = Lty <y, tig <7 < #,and ;47" >
1—34,7 =1, 2,...,, n. (The justification for the adjective “dominated”” will be
clear from Theorem 3.) Dominant integrability of f/ means existence of such
an I(f). It is not difficult to see that if an I(f) exists, it is unigue.

TaeoreMm 1. If a dominated integral of f exists, then f is improperly
Riemarm integrable on (0, 11, and I(f) = f0+ f(@) dt, the improper Riemann
integral of f on (0, 1].

(By the nnproper Riemann mtegral of f(#) on (0, 1] g{x) on [0, w0)] we
mean lim._q, |, f(t) dtllimg, .. fo g(x) dxl, assumed to be finite, where for
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each e, 0 <e <1, [R, R > 0] f: f@® dt[_[ff g(x) dx] is assumed to exist as a
proper Riemann integral.)

If /is a bounded complex function on [a, b] we shall denote by w(f, a, b)
the oscillation of fon [a, b, i.e., the supremum of the set of all | f(#,) — f(#,)]
witha <1 <1, <b.

Given a complex function f(¢) defined and bounded on each closed sub-
interval of (0,1], and any sequence 0 << f, <<t << <, =1, let
OS(/: ty ,..-, t,,) denote the oscillation sum

n

> w(fs iy s 1)t — 1)

j=1

DerNITION 2. A complex function f satisfies the Riemann condition for
the dominated integral (RCDI) if and only if the following two conditions
hold:

(i) fis defined on (0, 1], and bounded on each of its closed subintervals;
and

(i) for each € > 0 there exists 8, 0 << & < 1, such that whenever
0 <ty <ty < <t,=1, and ;44" >1—38, j=1,..,n, we have
OS(f tg 5eny b)) << €.

THEOREM 2. Let f be a complex function on (0, 1]. The dominated integral
of [ exists if and only if f satisfies RCDI.

COROLLARY 1. If the dominated integral of f exists, then so does the
dominated integral of | f].

Proof of Corollary 1. Since always || f(#)| — | f@t)ll < | f(&) — f(8,)], we
see that if £ satisfies RCDI, so does | f1.

COROLLARY 2. If the dominated integral of f exists, then there is a real
monotone decreasing (by which we always mean “nonincreasing”) function f
on (0, 11 such that Q) f = | f| throughout (0, 1], and (i) f is improperly Riemann
integrable on (0, 1].

Proof of Corollary 2. Set f(t) = sup,cecy | F(%)] (0 < ¢t < 1). (See
Theorem 2 and Definition 2, (i)). Then throughout (0, 1], f > | f|, and f is
monotone decreasing. Clearly f(¢) is bounded on each closed subinterval of
(0, 1]. We shall show that if 0 << a < b < 1, then w(f, a, b) < w(|fl,a, b).
It would then follow that £ satisfies RCDI, and we would be through by
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Theorem 2. We need only consider the case f(a) — f (b) > 0. In this case
F(a) = sUPucucr | fX)]. @ < x; < x, < b, then

if(xl) - f(xz)‘ = f(xl) _f(xz)
<f@—f®) <fl@— 1 f® = sup (f®)| — b))

aLe<h
< sup [ fl — 1D = w( 1, a, ).
o<ay <b

DermNITION 3. A complex function f on (0, 1¥([0, o)) is called absolutely
dominantly integrable (absolutely simply integrable) if and only if f is
Riemann integrable on each closed bounded subinterval of (0, 1}([0, «0}), and
| f1is dominantly integrable (simply integrable).

Observe that simple integrability implies improper Riemann integrability
on [0, o) [2, p. 9311.

DermviTion 4. A complex function f is said to have property D (for
“dominated”) on (0, 1], or on [0, ), if and only if f is Riemann integrable
on each closed bounded subinterval of (0, 1], or of [0, o0), and if there exists
a‘monotone decreasing improperly Riemann integrable function g on (0, 1], or
on [0, o), such that at each point of the interval, g(¢) = | f/(¢)l.

TaEOREM 3. The following are equivalent: (i) dominant integrability;
(i1) absolute dominant integrability; (iti) property D on (0, 11; and (iv) Riemann
integrability on each closed subinterval of (0, 11 along with domination of
absolute value on (0, 1] by some dominantly integrable function.

(That (i) implies (ii) follows from Theorem 1 and Corollary 1. That (ii)
implies (iii) follows from Corollary 2. By Corollary 2 applied to the domi-
nating function, we see that (iv) implies (iii). That (i) implies (iv) is seen by
Theorem 1 and Corollary 1, letting the absolute value of the function
dominate itself. Thus it merely remains to prove that (iii) implies (i).)

THEOREM 4. Absolute simple integrability implies but is not implied by
simple integrability and is implied by but does not imply property D on [0, ).

THEOREM 5. Dominant integrability of a function f is equivalent to absolute
simple integrability of f(e=*) e=*, but does not imply property D of f(e=*) e~®
on [0, o).

Let G denote the set of all real functions g with domain [0, c0), with g’
continuous and negative on [0, c0)(g'(0) being a right-hand derivative),
g(0)y = 1, and lim,,_, g(x) = 0. For each g in G, let S, be the set of all complex
functions f with domain (0, 1] for which f(g) g’ is simply integrable.

640/17/2~4
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THEOREM 6. (i) The class S of dominantly integrable functions with domain
(0, 1] does not equal any S, . (ii) Given g € G, there is an improperly Riemann
integrable function on (0, 1] which is not in S, . (iii) Given any f with domain
(0, 1] which is > 0, continuous and improperly Riemann integrable on (0, 1],
fES, for some g in G, and f¢ S, for some other g in G.

The next theorem shows that if we drop the condition g'(x) << 0 from the
definition of G, then part (i) of Theorem 6 becomes false.

THEOREM 7. There exists a real function g(x) with g’ continuous in [0, c0),
g(0) =1, lim,_.., g(x) = 0, and 0 < g(x) < 1 throughout [0, c©) such that,
given any complex function f on (0, 11, f(g) g’ is simply integrable if and only
if fis dominantly integrable.

(Not too surprisingly, in light of Theorem 3, the g(x) to be constructed in
the proof of Theorem 7 is related to the function e~®, without being
monotone.)

II. Proor oF THEOREMS 1-3

Lemma 1. Let f be dominantly integrable, and let 0 < a < b < 1. Then f
is Riemann integrable on [a, b].

Proof of Lemma 1. We shall prove that fis Riemann integrable on [a, 1].
As we shall see, it suffices to prove the following statement: For each € > 0
there exists §; > 0 such that if a = x, < x; < - < x, = 1, x;_x;" >
1 —8,, x4, <& <x;,and x;; <& <x;,j=1,2,...,n, then

> LFE) — FEN0 — x| <« @

Indeed, assume its truth. Let 8, = a8, . If a = x, < x; < * < x, = 1, and
X — X <8, j=1,2,..,n, then 1 — x;_1x;* < a18,, and x; ,x;* >
1 —38,, so we have inequality (2) which is easily seen to imply that
OS(Re(f); X9, X1 50ee, X)) < €, and OS(Am(f); xq , Xy 5..., X)) < €; hence,
f(¢) is Riemann integrable on [a, 1]. What remains is to prove the above
statement.

Choose & and y, both in (0, 1), so that any two sums of the type appearing
in (1), with #, < y, and every #; 4#;* > 1 — §, differ in absolute value by
less than e. Set §; = 6, and choose a positive integer N such that
A—)VWa<ySetty=71g=7 =1 —BWa, ., ty3=7y1=7Tn 1=
(1 — 48)a, and, for 0 <j < m, set tyy; = X;, Tvgs = &, and 7y, = &
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Then we have

|3 1) 1w — x| = | S U — e — 6| < e

This completes the proof of Lemma 1.

Lemma 2. Let f be dominantly integrable. Then it satisfies RCDI.

Proof of Lemma 2. Since f is Riemann integrable on each closed sub-
interval of (0, 1], it is bounded on each such subinterval. Given € > 0, choose
8, x¥ in (0, 1) such that (1) holds under the conditions following it. Let
0 <ty <ty < <tf,= Lt 47" >1—208,j=1,2,.,n Letg = Re(f),
h = Im(f). Now w(f, t;4, ;) < w(g, t;_,, 1) + wlh, t;_;, t;); hence, if we
show that OS8(g; ¢, ,..., t,) and OS(%; ¢, ,..., t,) are each less than 2e, then it
would follow that OS(f;1,,..., £,) < 4e. Consider, e.g., OS(g; ¢ ..., tn)-
Suppose, first, £, < y. if 7y and 7/ He in [#,; , &1, J = 1,..., n, then, wsing (1),

* 7 i 7 1

Y. (8(r) — 8Nt — 1) | < | X () = F ey — t10) | < 2e.

Jj=1 ti=1

Thus OS(g; fo oo 1) = Lja W(&s Lig » 1)t — 1;3) < 2e. I £, = y, choose

a positive integer N such that {1 — 18)¥ 1, << y. Then OS8(f; 1,,..., £, <

OS(f (1 — L)W 1y, (1 — 8) 8y, by, £y 5., £n) << 4e. This proves Lemma 2.
Recall the definition of f from the proof of Corollary 2.

LEMMA 3. Suppose that f satisfies RCDI; then [ is improperly Riemann
integrable on (0, 1].

Proof' of Lemma 3. For a proper §, 0 << 6 <1, and for every positive
integer N,

Z [ — 874 — f((1 — 380101 — 38Y

N

< Y w(fs (1 — 48y, (1 — 38))(1 — 43y

=0
N
— 257 Y, w(f, (1 — 391, (1 — 389X — 48 — (1 — $8v) < 57,
§=0

by RCDI. Since f is monotone, it is Riemann integrable on each {a, 11,
0 < a < 1. Since f > 0, it is improperly Riemann integrable on (0, 1] if
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ﬁ £ () dt is bounded for 0 < e < 1. But an upper bound for this integral is
(U =399 = f = 19910 = 1) + F) < 87+ £,

Lemma 4. Let f satisfy RCDI, and let 0 << a << b < 1. Then fis Riemann
integrable on {a, b).

Proof of Lemma 4. For every € > 0 there exists 8 > 0 such that

— NG — )

ifa=1t,<t; < <t,=1,andif, forj = 1,2,., n, both r;, 7,/ belong
to [t;_1,%]), and #;_4#;* > 1 — 8. This, however, implies the Riemann
integrability of f on [a, 1]; see the proof of Lemma 1.

LemMMA 5. Suppose f is a complex function, Riemann integrable on each
[a, b] C (0, 1]. For each €, €, (¢ > 0,0 < ¢ < 1) there exists 8, in (0, ) such
thatif 0 <ty < - <t,= L;t; 3 <7, < t;, 54567 >1—8,(j=1,2,.., n),
and - < g <1y for some ny , 1 < ny < n, then

(r)t; — ;) — f: ] f(®)adt } < e

j=ny

Proof of Lemma 5. We have

— -] S|

4'/?/1 ﬂl——l

<| ¥ — )+ @ — @) — [ f0 |

j=n;+1
+ 3M(tn1 - tnl—l)a

where M = f((1 — §,) ), and Z;;nl +a = 0 if ny = n. Using the Riemann
integrability of f/ on [ , 1], Lemma 5 follows.

LEMMA 6. Let a complex function f be Riemann integrable on each
[a, ] C (0, 11, and let f be improperly Riemann integrable on (0, 11; then f is
dominantly integrable and improperly Riemann integrable on (0, 1], and I(f)
(see Definition 1) is the improper Riemann integral of f on (0, 1].

In light of Lemmas 2, 3, and 4, Lemma 6 implies Theorems 1 and 2.
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Proof of Lemma 6. Since f is improperly Riemann integrable on (0, 1],
and f is Riemann integrable on each closed subinterval of (0, 1], it follows
that [y, | f(t)| df and [y, f(t) dt exist. Given € > 0, choose ¢, 0 < & < 1,
such that [¢& f()dt < e Using Lemma 5, we see that there exists 8,
0<d<isuchthat if 0 <7y < <, =1; tjy <75 < 8y, Lal]" >
1—38(j=1,..,n), and fn1 < € <1, forsomen,, I <n < n then

F;fmx:,- —t0— [ j0d|

n—1

<| T £t - 1)

+ F | F(O) di + e.
o+

Now, under these conditions,

—1

2 )t — t)

i=1

n—1
< Z Ft ) — tiy)

a1
< Z: f( -39 tE — tig)

<["fa—sna

=8

<@ -8 [ fwydr

<2 *fydr,

Hence

ilf(ﬂ)(lj — tiq) — Lif(l) dtl <3 fojf(t) dt + ¢ < de.

Levva 7. Property D on (0, 1] implies dominant infegrability.
The proof of Lemma 7 will complete that of Theorem 3.

Proof of Lemma 7. If there exists a monotone decreasing function
g > | f| which is improperly Riemann integrable on (0, 1], then f < g is also
improperly Riemann integrable on (0, 1]. Thus Lemma 7 follows from
Lemma 6.
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III. Proor OF THEOREMS 4 AND 5

Proof of Theorem 4. The first nonimplication was shown in [1, p. 7]. The
second nonimplication is exemplified by the function f which is identically
zero on [0, o) except that f(#?) = n% n = 1, 2,... . The e-variation of this
function is << {w2foreach e > 0 (see [1, p. 9]), and the function is improperly
Riemann mtegrable on [0, oo); hence, by [1, Theorem 3] it is simply (thus
absolutely simply) integrable. On the other hand fx) = SUPs, f(7) is pot
improperly Riemann integrable on [0, o), so f(x) does not have property D
on [0, o).

For a proof of the second implication of the Theorem see [1, Theorem 3 and
Example b on p. 9]. The first implication can be proved as follows: Let f be
an absolutely simply integrable function. By the first part of Theorem 35,
f(x) = g(e®)e=®, where g is dominantly integrable. So (with 4(z)
Supicecs | €, | F()] < e e on [0, c0). Hence if 0 <x,
Xy < <L Xy << 0, X;— X4y =€ >0, J=1,.,N, then (with xp,,

+ o),

A

N N
Y 105) — f0n)l <2 % 110x)
N
<2 Y ey e

N
<2 — e Y, e - e

j=0
1

<Al —e | goyde < oo,
0+

Thus f'is of BCV; hence, it is simply integrable [1, Theorem 3].

Proof of Theorem 5. Assuming the equivalence in Theorem 5, the non-
implication there follows by the last part of Theorem 4. Dominant
integrability of fimplies, by Corollary 1, Theorem 1 and a change of variable,
that |f(e®)| e* is improperly Riemann integrable on [0, ). Also if
0xg<xy <+ <xy<oo, and x;—x; ; 2€>0, j=12.,N,
then

f( xa’—x)(e*“fa;l — e—%‘)

™=

ﬂ%ﬂ<aw#{

™=

If

J=1

+4W%W“—€Wﬂ<a~w¢%ymw<m

0

It

7
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We therefore have

N

2 fe ™) e™ — | fle™ ) et

j=1

<Y @] — L] [ €7 4 | fe )| 7 — &%)

N N
<Y @) eTi+ Y fle e
=1 i=1

L femye

nMZ

<31 — 9t f 1 f) dt.

Thus, using [3, Theorem 3], dominant integrability of f implies absolute
simple integrability of f(e=%) e~=.

Assuming absolute simple integrability of f(e~®) ¢e~® we have (by a change
of variable): (i) f(x) is Rlemann integrable on each {g, b1 C (0, 1]; (iD) the
improper Riemann integral fo . | f(2)] dt exists; and (iii) for each 8, 0 < 8 <1,
and every infinite sequence of positive numbers 1 > & > &, > & > -
with each ££75 <1 -3, Z:c:1 HFEN & — 1 f(ED Ea | < o0 I f4 is
improperly Riemann mtegrable on (0, 11, then f'has property D there; hence,
fis dominantly integrable by Theorem 3. Therefore, we shall assume that £ is
not improperly Riemann integrable on (0, 1]. Choose 8 in (0, 1). Then

L — &) — (1 — 31 — &Y

= —f(D) + }; =8y — 87 — (1 — &y

(n =1,2,.), so that

18

£ — 8y — f((1 — )L — 8 = oo,

T
<>

For j=20,1,2,..., pick a 1;, (I =8/t <r, <1 — 8y, such that
L fr)l = H A — 8y — f((1 — 8))] (existence of such 7, becomes
evident on considering each of the cases: f((1 — 8y*1) = f((1 — 8)") and
F{(1 — 8Y+) > f((1 — 8)%)). Then, for N — 1, 2,

Z fElm =1 =8 Y A — &) — (1 — 80 — 9y,
=0 =0
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sothat ¥, | f(7;)] 7; = 0. Choose k, 0 < k < 3, such that 375 ¢ [ f(745.0)! X
Ty = 0, and set £y = 744, = 0,1,2,.... Next, for j = 0,1, 2,..,
choose §ajpq, (1 — B3R L &, << (1 — 8)%+2+% such that

Gl ST+ B | OO

Let N be an integer > 0. Then

8 Y. 11w (1 — 8y

N
Z: | f(€us)] [(1 — )M+2E —— (1 — §)HH3+E]

AN42+k

{1+ A = &7 — (1 — ™)

<
- Z:o [(1 5)’+l<x<(l 8)”

<[ (F@O] + 1) ds;

hence, S | f(Exan)l Exrn < 87 for (L F()] + 1) dr.
Since ;64 <1 —38,j=1,2,.., we have

2N+2 N+1

2 HFEN & — 17 G € | = ‘;1 | f(€al €05 — | f(Eain)| €nia |

N+ N+1

= 21 | f(€ai)l €55 — 21 | (€20 Eass

N+1

= Z L f(rasa)! Tagen

1
— 81 [ (/)] + Dt
0+
— 00 as N — oo, which contradicts (iii) above. This completes the proof of
Theorem 5.
1V. PROOF OF THEOREMS 6 AND 7
Proof of Theorem 6. (i) Suppose S = S, for some g in G. If f< S, then

[ f] €S. Let h denote the inverse function of g. Then the mapping F — F(h) i’
maps the set of simply integrable functions onto S. If F, with domain [0, c0),
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is simply integrable, then — |F(A) /& [eS; hence — | F(h(g)| - | (g} X
(H(g)y* = | F| is simply integrable. Since the simple integral is not an
absolute integral [1, p. 7], we have a contradiction.

(ii) Let F be improperly Riemann integrable on [0, 20} but not simply
integrable (e.g., F(x) = (sin x)/x, F(0) = 1; [1, p. 9]). Then F(h) A is im-
properly Riemann integrable on (0, 1] but F(h) /' ¢S, .

(ili} We shall prove this statement in several steps. f;c will denote
improper Riemann integral on [0, o).

(a) Given p, 0 << p << o0, there exists a function £, positive and
continuous on [0, o), and simply integrable, for which ff,o Fi(x)dx = p; and
there exists a function F, , positive and continuous on [0, c0), but not simply
integrable, for which [y Fy(x) dx = p. Indeed, one can take, e.g., Fy(x) =
2p/lw(x? + 1)] (cf. [2, p. 931]). As to F,, by Theorem 35, it suffices to show
that there exists a function f, , positive, continuous, and improperly Riemann
integrable on (0, 1], with f(l, . f»(X) dx = p, which is not dominantly integrable.
Obviously it is enough to show the existence of £, for one (any) p (0, o).
Such a function is g, with domain (0, 1], where g(¢} = 1 off of the intervals
[27% — 47 2-7 + 4" n = 2,3,...; on each interval [277, 2" + 4] n =
2,3,..,g()=1-+ 2" — 8%t — 27"); and on each interval [2-" — 4-7 2-7),
n=23.,g)=1-+ 8t — 2 + 4 ). Clearly g is positive, continuous,
and improperly Riemann integrable on (0, 1]. Since (again with §(¢) =
SUPscecy | (%), 0 <t < 1), if 2771 < ¢ < 27" for some integer # == 2, then
8(t) = g(27") > 2" > (2t)™%, we have g(z) > (2¢)~* for all 7 in (0, 1/4], and
hence (see Corollary 2 and its proof) g is not dominantly integrable.

(b) Given f;, f,, positive and continuous on [0, c0), with
fo filx)dx = j';o Jo(x) dx, there exist g; and g, in G such that fi(h) A =
Je(hy) hy', where by, is the inverse function of g, (k = 1, 2). (h/(1), Ay'(1) are
left-hand derivatives, ,'(0), g,'(0), (d/dx)[ g1(x)]'/* |,y and (d/dx)] g4(x)1/* 5=
are right-hand.)

In fact, for k = 1, 2, set

[3.:0) dt]?‘

ai) = [1 - o 16 de

so that, throughout [0, c0),

[ fd® dr} T
Jefl@)ded fofi0)de °

4 _ & i
dx O = Agcore T T Thdr

/() = =21
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Hence, throughout (0, 1],

B e N /Y I 0L
AN IO = ¢ 70 C) =~ FaluC)FE ~ " 20
_ [ofunyde

= — 5ap = Slh(x) b/ (%),

(¢) Given F, positive and continuous on {0, o), and related to f of (iii)
by

["Feyde= | " £ dx,

there exists g € G such that —f(g(x)) g'(x) = F(x) throughout [0, o). Indeed,
let w be an arbitrary function in G (e.g., (1 4 x)™1), and set

fi=—fwv', fi=F

Then [, fi(x) dx = [o fi(x) dx. By (b), there exist gy, g, in G such that
Ji(hy) by = fy(hs) By, where hy, is the inverse function of g, (k = 1, 2). Thus,
—f(W(hy) w'(hy) by’ = F(hy,) hy', and hence, throughout [0, o),

—f W(h(2o(x))) W' (I 82(x))) By’ (82(x)) 82'(x) = F(ho(g(x))),

namely, —f(g(x)) g'(x) = F(x), where g = w(h,(g,))) € G. We can now prove
(iii). Set p = _[%, . f(x) dx. Applying (c) to F = F; of (a), we obtain that there
exists g € G for which fe S, . Applying (c) to F = F, of (a), we get that, for
some other g € G, f does not belong to S, .

Proof of Theorem 7. For n = 0, 1,..., define g,(x) on {7n, 7(n 4 1)) as
follows. On [7n,7n + 1], gx) = et On [Tn+ 1,7n -+ 2], g is
quadratic; g,'(7Trn + 1) = —e ", and liM, ;p 0~ g'(x) = 0. On (7n + 2,
Tn + 4], gi(x) = g(2(Tn + 2) — x). On [7Tn + 4, Tn 4 5], g1(x) is quadratic;
g'(Tn+4) = e, and lim, 7,5~ 81'(x) = 0.0n(Tn + 5, 7(n + 1)), g(x) =
g:(2(7Tn - 5) — x). This defines g, on [0, o0); also g(6) = 1, and g’ is
continuous in (0, o). Set g(x) = g,(x + 6).

Assume that f(g) g’ is simply integrable. Then, [1], its e-variation V() is
finite for each € > 0.

Forn =1, 2,..., let

S, = sup | f(&(®) &'(x) — f(&») &/ M (SV(2) < 0),

Tn<e<7In+1
Tn+3<y<Tn+4
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and let x,, , y, satisfy
m<x,<Tn+ 1,
Tn+3 <y, <Tn+ 4,
| f(g:(xn)) &' (%) — F(&alyn)) &/ (3a)] = (1/2) S,

so that

P(gdxn) 8/ Ce) — f&( ) &' ()l
= (1/2)  sup . f(g(x) &/ (%)

Tn<asTnt

— f(&200n + 2) — x)) g/ (2Tn + 2) — %))
= sup |f(&@x) g/’ = e Tsup{| f(x) et < x <em

Fr<a<7n+l
Set £, = X, — 6, My = Vp— 6, n=1,2,.... Then 1 < §, <y < & <
Na <C Ty Mm — g*n 2 27 §n+i — Mn > 3’ n= 17 2"" * We haVe

0

V(2) = 3 1 f(g(a) &' () — fg(€0) g/

n=1

o

= 3 1f(g(ya) &' (¥n) — f(&ulxn) &' (x2)]

n=1

ool
= Y e tsup{ flx)] et < x K e

n=1

Set s, = sup{|f(X)|re Tt <x<Le*, k=1,2,.... Thenfor N=1,2,...,

N 13 N N
b3 (X sk) (e — e 1) = (Z sne—”) — (Z s,c> =N,
n=1 \k=1 n=1 Jo=1

Because of the convergence of the last infinite series, e 3%, ., — 0. For
w=2012..,0<y<p,leta,, =e > sothat foreveryp =20, a,, =
e’ — ( as n — o0. Also, for every n > 0,

Ingk

|anp | = e(e — Dfe — 1) < efle — D.

i

k

Hence [9, p. 72] (Xhly s1) e = Th o e,y — 0, so that
(Tims s0) ¥4 — 0, and

0

5 (5 a)en et 5 e

ne=1 \k=1 n=1
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Hence

> V@) > e 3 (% s @ — e

n=1 \k=1

= et i [sup{| f()| : et < x < e (e — e~Y)
n=1

The convergence of ¥, _, (e 1)(e" — e—*-1) implies that of ﬂ, . £ (x) dx.
Thus, fis dominated in (0, 1] by the monotone decreasing function f, which
is improperly Riemann integrable on (0, 1]. By Theorem 3, to show
dominant integrability of f it suffices to prove that it is Riemann integrable
on each [e ™1, e ], n = 0, 1,... . Choose such an n.

Since f(g) g’ is simply integrable, it is improperly Riemann integrable
on [0, c0), and hence, Riemann integrable on [7n, 7n + 1]. Observe that
g + 0 throughout [7n,7n + 1]. Let h be the inverse function of the
restriction of g to [7n, 7Tn 4+ 1], so that Ale ™) = Tn + 1, h(e™) = Tn.
Then the substitution x = A(?) in f;frl f(g(x)) g'(x) dx shows the Riemann
integrability of f on [e~*1, e"].

Conversely, suppose f is dominantly integrable. By Theorem 1, and the
fact that g is strictly monotone on each [k — 1, k], k = 1, 2,..., we have,
forevery T > 1,

[ feson e+ [ 5 ax |
[ £ semewa] + [ aenswant [ ]
= |- f:mf(x) dx -+ f;f(x) dx |

g{T)
= f(x)dx’—>0 as T — oo,

0+

since limy_., g(T) = 0. ([T] means the largest integer < 7). By [1, Theorem 3],
to prove simple integrability of f(g) g’ it suffices to show it is of bounded
coarse variation.

Let ¢ > 0. We shall show that if 0 <& < & < - < &y, and

minl<a‘<N (g'r - §r~1) > €, then A = Zi«vzl [f(g(fr)) g’(gr) _f(g(ffr—l)) gl(fr—1)| <
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14e¥(1 + ) [, 3/: f(x)dx (the integral converging by Corollary 2 and its
proof’}.
Now

423 (2N € 2y Y ieEngE)

n=0 0N
el <g(é)<e ™

(an “empty” sum means 0). For each n (= 0, 1, 2,...) there are seven intervals
(or less) of the form [k — 1, k] (k = 1, 2,...) whose union contains every
£ >0 with ¢! < g(é) < e®; also, for every such £ |g'(&) <e™
Hence

=]
4<2Y fler e y L.
n=0 0LrgN
el ag(g,) e ™

Fork = 1, 2,..., there are at most 1 + e points &, in [k — 1, k]. Hence

4 < 14(1 + ) ;v; flem1) e

n=0
<4l + ) Y flem et — e ?)
n=0

/e ,
< ldeX(1 + e f £(x) dx.
0+
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